In earlier papers [3, 4, 5, 6 ] Gürsey et al. showed development of a bilocal baryon-meson field from two quark-antiquark fields. The Hamiltonian in the case of vanishing quark masses was shown to have a very good agreement with experiments [5] . The theory for vanishing mass was solved using Confluent Hypergeometric functions [6] .
Introduction
According to Gürsey et al. (1991 [6] ), "We derive an effective Hamiltonian of the relativistic quark model. In the limit of zero quark masses, we obtain linear Regge trajectories for mesons. Based on the diquark-antiquark symmetry, we show that the Regge trajectories of baryons and mesons are parallel at high angular moments. We discuss the breaking of the hadronic supersymmetry and obtain a mass relation of mesons and baryons." Following their analysis, the Hamiltonian in the case of vanishing quark masses was shown to have a very good agreement with experiments [5] . Since they neglect mass of quark in a supersymmetric differential equation [6] , the power series expansion in closed forms consists of two term recursion relation. The theory for vanishing mass was solved using Confluent Hypergeometric function.
In this paper I include small mass of quark in their supersymmetric differential equation and its power series expansion in closed forms consists of three term recurrence relation. I develop a new kind of special function that generalizes the Confluent Hypergeometric series that I call Grand Confluent Hypergeometric (GCH) function.
GCH ordinary differential equation is of Fuchsian types with the one regular and one irregular singularities in (2.0.26). In contrast, Heun equation of Fuchsian types has the three regular and one irregular singularities [1, 2] . Heun equation has the four kind of confluent forms: (1) Confluent Heun (two regular and one irregular singularities), (2) Doubly confluent Heun (two irregular singularities), (3) Biconfluent Heun (one regular and one irregular singularities), (4) Triconfluent Heun equations (one regular and one irregular singularities). Biconfluent Heun equation is derived from the GCH equation by changing all coefficients µ = 1 and εω = −q. (see section 4 in Ref.
[10]) In this paper I will show how Confluent Hypergeometric function is related to Grand Confluent Hypergoemetric function analytically.
Due to its complex mathematical calculation in three term recurrence relation of their linear ordinary differential equation, I construct the analytic solution of their supersymmetric differential equation only up to the first order of the extremely small mass of quark. More than second order of the mass of quark is negligible in this paper.
As the mass of quark is negligible in their effective Hamiltonian of the relativistic quark model, its differential equation turns to be Confluent Hypergeometric differential equation. As we all know, there is only one eigenvalue and it has infinite eigennumbers which is called radial quantum number. For another example a hydrogen like atom wave function, only has one eigenvalue and has infinite eigennumbers.
In contrast infinite eigenvalues is arisen in their supersymmetric differential equation as the small mass of quark is included in their Hamiltonian. Each eigenvalue has infinite eigennumbers [15, 16] . The concept of its eigenvalues gives rise to an extra degree of a quantum number I designate as "i th kind of hidden radial quantum number" that will be expressed below. This makes it especially applicable to supersymmetric theories having three term recurrence relation in the power series expansion of their differential equations in nature. As we see in Regge trajectory plot of angular momentum vs. square of mass (J vs. m 2 ), there are many linearly increasing lines with same slopes including bunch of eigenvalues corresponding to fermions and bosons. It is not clear what the meaning of many eigenvalues are: more details are explained in section 4.3 in Ref [15] .
In section 2, I consider asymptotic behaviors of GCH differential equation including only up to the first order of the mass of quark. In section 3 and 4, I construct the power series expansion in closed forms of GCH function with including the first order of the mass of quark for the polynomial and infinite series. Also I derive the generating function and orthogonal relation of GCH polynomial with including the first order of the mass of quark. n 0 = 1, 2, 3, · · · which is primary radial quantum number.
Analytic solution neglecting the mass of quark in effective Hamiltonian
(1.1.4b) is the first kind of the independent solution of Confluent Hypergeometric function. And its eigenvalue is E 2 = 4b (2|α 0 | + l + 3/2) = 4b (2n 0 + l − 1/2) (1.1.5) 
Analytic solution including only up to the first order of the mass of quark in effective Hamiltonian of the relativistic quark model
where
By using the function y(r) as Frobinous series in (1.2.1), I obtain two indicial roots which are λ 1 = 0 and λ 2 = −2l − 1. Recurrence formula for all n is
where C 1 = A 0 C 0 and n ≥ 1.
Let's investigate function y(r) as n and r go to infinity. As n ≫ 1, (1.
The first term of RHS in (1.2.4) is negligible, since mass m is extremely small and n is too large, respectively. Then, (1.2.4) is approximately equal to
Classify C n to its even and odd parts from (1.2.5) by using
It is unacceptable that wave function ψ(r, θ, φ) is divergent as r goes to infinity from the quantum mechanical point of view. As r is extremely large value, the big polynomial of degree n will take a dominant position. Substitute (1.2.7) into the wave function which gives ψ(r, θ, φ) = Ne
Even if the mass m is extremely small, the wave function ψ(r, θ, φ) will blows up as r→ ∞. All wave functions must to go to zero as r goes to infinity from a quantum mechanical perspective. The first and second term of y(r) must also be terminated to become a polynomial of degree in this case. As we see in (1.2.7), the first term indicates even term of C n , and the second term of it has odd term of C n . Now, let's try to define the first kind of independent solution as λ 1 = 0. As λ 1 = 0,
I define B i, j,k,l refering to B i B j B k B l . Classify C n to its even and odd parts up to the first order of small mass m from (1.2.3). . . . . . .
(1.2.10)
As I describe y(r) as a power series by using (1.2.10),
I choose one of B 2k+1 to be zero, where k = 0, 1, 2, 3, · · · in order to make a polynomial of degree n in y(r) domin. of (1.2.10). In other words, I might choose Q = 2b(n 0 − 1) where n 0 = 1, 2, 3, · · · in (1.2.9b). Then B 2k+1 will be zero at certain value of k. However, as we see y(r) small in (1.2.11) (look at the odd term of C n in (1.2.10)), it has combinations of B 2k+2 and B 2k+1 for every odd C n term. It means that one of each B 2k+2 and B 2k+1 terms must be zero at same time. In other words, Q = 2b(n 0 − 1) and Q = b(2n 1 − 1) where n 1 = 0, 1, 2, 3, · · · must be satisfied in this series spontaneously. I call n 0 as primary radial quantum number and n 1 as the first kind of hidden radial quantum number. Then y(r) will be a polynomial degree of n. y(r) consists of two terms which are y(r) domin. and y(r) small in (1.2.11). The dominant wave function y(r) domin. which does not include small mass m must be terminated to become a polynomial of degree n in this case. y(r) small is also polynomial and extremely small wave function because it includes A n | λ=0 = 2(n+l+1)m (n+1)(n+2(l+1)) which has small mass m. Also (1.2.2) is equivalent to 2b(n 0 − 1) and b(2n 1 − 1) at same time. And in this paper Pochhammer symbol (x) n is used to represent the rising factorial:
where,
And,
in the above, T (s, t, p, u) is the operator which acts on
We see in (1.2.13a), it is the first kind of confluent hypergeometric polynomial of degree |α 0 |. Also I obtain two eigenvalues which are E 2 0 = 4b {l + 2n 0 − 1/2} and E 2 1 = 4b {l + 2n 1 + 1/2}. The former is the primary radial eigenvalue. And the latter is the first kind of hidden radial eigenvalue. As I let the small mass m goes to zero in (1.2.12), its solution is same as the 1 st kind of confluent hypergeometric polynomial. From (1.2.12), the wave function of it is
By using orthogonal relation, normalized constantN is
where, 
If the function y(r) of (1. 
th type hidden radial eigenvalue n 0 = primary radial quantum number n i = i th type hidden radial quantum number 
Asymptotic Behavior of Grand Confluent Hypergeometric function
Now let's generalize this new special function. Suppose that there is a second order differential equation which is
(2.0.24) is equivalent to (1.1.1). All coefficients in the above are correspondent to the following way.
a 0 ←→ 2
By using the function g(x) as Frobinous series in (2.0.26), I have two indicial roots, λ 1 = 0 and λ 2 = 1 − ν. And, recurrence formula for all n is
Let's test for the convergence of the function g(x). As n goes to infinity, recurrence formula is approximately equal to
as power series by substituting (2.0.30) into Frobinous series. For simplicity, I suggest
In the above, Erf
As x → ∞ and a 1 ≫ 1 in Erf (i) 3/2 (a 1 ) 1/4 x , the imaginary part of an error function oscillates around zero. And the real part of an error function oscillates at around −1. As x goes to ∞ in (2.0.32)
As x→ 0 in (2.1.3), it then yields
As x goes to zero, the function y(x) become divergent. Since x→ ∞ in (2.1.3), suggested by |
As x goes zero and ∞ in (2.1.7),
2.2. As a 1 = 0 (2.0.32) simply turns to be
The function y(x) will be divergent no matter what the value of x is. Therefore, there are no any independent solutions at all in the case of a 1 = 0.
As a 1 = real negative
Plug I choose boundary conditions of a function g(x) for the polynomial in the following:
and the necessary conditions of (2.4.5) is
After we develop independent solutions for the polynomial, we can expand them as infinite series in simple ways. When we try to find the analytic solution of any differential equations, first we must consider what physical circumstance and mathematical condition make solutions as polynomial or infinite series.
Polynomial for ν =non-integer
I consider the power series expansion in closed forms of GCH polynomial only up to the 1 st order of m terms, its integral form, generating function and orthogonal relation. As we know, there are two indicial roots which are λ 1 = 0 and λ 2 = 1 − ν. 
which is equal to A 0 . Plug n = 1 into recurrence formula.
As we see in (3.1.2), A n includes the first order of ε 2 in which has an extremely small value. Then I argue that
(ε/2) . By using this process, I can simplify (2.0.29) by giving K n in terms of A n and B n instead of K n−1 up to the first order of ε 2 . By using K n = C n+1 C n , even and odd terms of C n are same as (1.2.10). I can describe g(x) as power series by using (1.2.10).
By using similar process from the previous case, there are two eigenvalues which are 
As we see in (3.1.7), maximum value of index n is |α 0 |. The range of index k is n ≤ k ≤ |α 1 |. In other words, 0
will be infinite series. Then, the function y(x) will blow up as I plug g(x) into it no matter what the value of x is. Such solution does not exist. When we see the second summation of (3.1.7), we can shift index k to zero at the beginning of summation. Then we can replace the interval of index k by 0 ≤ k ≤ |α 1 | − n. (3.1.7) is simply described as
We see the first summation of (3.1.8) which is
is the first kind of confluent hypergeometric polynomial of degree |α 0 | which is denoted as F |α 0 | (γ; z). Substitute (3.1.5) and (3.1.8) into (3.1.3).
2 is the first kind of GCH polynomial of degree |α 0 | and |α 1 | with the first order of ε 2 .
Integral formalism
The solution of the Laguerre differential equation is
And the solution of the associated Laguerre differential equation is
(3.1.12) (3.1.10b) might be described in the following way:
Plug |α 0 | = 0 into (3.1.9), (3.1.10a) and (3.1.13a)-(3.1.13c)
The beta function is
(3.1.16) Plug (3.1.16) into the second term of (3.1.14) on RHS
Replace p and q by γ − 1 2 and k + 1 in (3.1.15). Take the new (3.1.15) into (3.1.17).
Replace n and z by |α 1 | and λ = z(1 − t)(1 − p 2 ) in (3.1.11). Take the new (3.1.11) into (3.1.18)
Plug (3.1.19) into (3.1.14)
Plug |α 0 | = 1 into (3.1.9), (3.1.10a) and (3.1.13a)-(3.1.13c)
Replace k by k + 1 in (3.1.16). Take the new (3.1.16) into the second term inside of bracket in (3.1.21) 
1.23) Replace n, k,j and z by |α 1 | − 1, 1, k and λ = z(1 − t)(1 − p 2 ) in (3.1.12). And take the new (3.1.12) into (3.1.23).
Substitute (3.1.19) and (3.1.24) into (3.1.21).
As |α 0 | = 2 in (3.1.9), (3.1.10a) and (3.1.13a)-(3.1.13c), the result of its solution is similar to the previous case as |α 0 | = 0 and 1.
By repeating this process, I obtain QW |α 0 |,|α 1 | γ; z where |α 0 | ≥ 3. According to (3.1.20), (3.1.25) and (3.1.26), (3.1.10a) and (3.1.10b) are
And
We know 1.13b) and (3.1.29) into (3.1.28) . 
Replace n, m and z by |α 1 | − n, n and λ in (3.1.32). Take the new (3.1.32) into (3.1.31). 
(3.1.34) can be described as various integral forms of several different special function in the following way:
In the above, M(a, b, z) is the first kind of Kummer function which is
where, Re(b) > Re(a) > 0
And U (a, b, z) is the second kind of Kummer function which is
where, Re(a) > 0
Substitute integral form of the first kind of confluent hypergeometric function into (3.1.34).
Description I gave in (3.1.35)-(3.1.38) as integral formalism is exactly equivalent (3.1.39). And I obtain the integral representation of the first kind of GCH function according to (3.1.27) and (3.1.39).
Generating function
Now, let's try to get the generating function of the 1 st kind of GCH function. First I multiply
0 on both sides of integral form of 1 st kind of GCH function in (3.1.9), (3.1.10a) and (3.1.10b) where |v 0 | < 1.
The 1 st kind of hypergeometric function is
Substitute (3.1.42) into (3.1.41a).
Substitute (3.1.39) into (3.1.41b).
with both sides of (3.1.40) where |v 1 | < 1.
Replace a,b,c and z by 1, n + m + 1, n + m + 
I can describe (3.1.48) in a different way. First there is the 1 st kind of Appell hypergeometric function which is
The function F 1 can be expressed by simple integral 
(3.1.51) is exactly equivalent to the second line of (3.1.48). Substitute (3.1.44) into (3.1.46b).
where 
There are addition theorem for M(a, b, x + y). 
We know that
Plug (3.1.62a) and (3.1.62b) into(3.1.60) and (3.1.61). Put α = m + 1, 
Substitute (3.1.63) and (3.1.64) into (3.1.56). 
v(1−v 1 ) t into (3.1.59a), and take the new (3.1.59a) into (3.1.66).
in (3.1.50). Take the new (3.1.50) into (3.1.67).
Substitute (3.1.65) and (3.1.68) into (3.1.52).
Plug (3.1.51) and (3.1.69) into (3.1.45). Then I obtain the generating function for 1 st kind of GCH function in the following way.
Also, I can describe the generating function of it as the integral formalism by using (3.1.47), (3.1.53) and (3.1.54).
Orthogonal relation
From the differential equations satisfied by QW |α 0 |,|α 1 | (z) and QW |β 0 |,|β 1 | (z), namely,
(3.1.73) multiplying (3.1.72a) and (3.1.72b) by QW |β 0 |,|β 1 | (z) and QW |α 0 |,|α 1 | (z) respectively and subtracting, I have
Due to space restriction proofs of (3.2.3)-(3.2.8) are not included in the paper, but feel free to contact me for the proofs.
Generating function
Let's try to construct the generating function of the 2 nd kind of GCH function. First, multiply 
(3.2.9) 2 as long as |λ 1 − λ 2 | = |ν − 1| = integer. It is required that γ 0, −1, −2, · · · for the first kind of independent solution of GCH function for the polynomial and infinite series. Also γ 2, 3, 4, · · · is required for the second kind of independent solution of GCH function for both the polynomial and infinite series. Due to space restriction I skip the polynomial and infinite sereis of GCH function for ν ∈ Z. If the time is permitted, I will publish the power series expansion in closed forms and its integral forms of GCH function for ν ∈ Z.
Conclusion
By using Frobenius method and putting the power series expansion into GCH ordinary differential equation, three recursive relation of coefficients starts to appear. Currently the analytic solution of three term recurrence relation is unknown. Due to its complexity more than three term case has been neglected. In this paper I claim that ε, one of coefficients, is extremely small quantity because of its physical meaning: ε is correspondent to the small mass of quark. Therefore I construct the analytic solution of GCH function including only up to the first order of ε. More than second order of ε is negligible.
From the above all, I show asymptotic expansions of GCH function for the infinite series and polynomial. I construct the power series expansions in closed forms of GCH function including only up to the first order of ε (infinite series and polynomials). As we see all solutions of power series expansions in GCH function, denominators and numerators in g(x) domin. and g(x) small terms arise with Pochhammer symbol: the meaning of this is that the analytic solutions of GCH ordinary differential equation can be described as Hypergoemetric function in a strict mathematical way.
I construct representations in closed form integrals of GCH functions in an easy way since I have power series expansions with Pochhammer symbols in numerators and denominators. I show that the first and second kind of Confluent hypergeometric functions appear in the subintegral forms of GCH function in (3.1.34) and (3.2.6). As we see (3.1.35)-(3.1.38) and (3.2.6), the Confluent hypergeometric function in the sub-integral forms of GCH function is able to be transformed to other well-known special functions analytically such as the first and second Kummer and Laguerre functions. Understanding the connection between other special functions is important in the mathematical and physical points of views as we all know.
Analytic integral forms including only up to the first order of ε of GCH functions are derived from power series expansion in closed forms of GCH differential equation. I construct the generating functions of GCH polynomial from the its integral forms and I derive orthogonal relations of GCH polynomial including only up to the first order of ε. The orthogonal relation of GCH polynomial is important in the physical point of view because we can derive recurrence relations and the expectation values of physical quantities. For the case of hydrogen-like atoms, the normalized wave function is derived from the generating function of associated Laguerre polynomial. The expectation value of physical quantities such as position and momentum is constructed by applying the recursive relation of associated Laguerre polynomial.
Furthermore, I will generalize three term recurrence relation in linear differential equation. I will derive the analytic solution of the three term recurrence for polynomials and infinite series [8] . I will show how to solve mathematical equations having three term recursion relation and go on producing the analytic solutions of some of the well known special function theories that include Heun [9, 10], Mathieu[11], Lame[12, 13, 14] and the GCH Functions [15, 16] . I hope these new functions and their solutions will produce remarkable new range of applications not only in supersymmetric field theories as is shown here, but in the areas of all different classes of mathematical physics, applied mathematics and in engineering applications.
Series "Special functions and three term recurrence formula (3TRF)"
This paper is 1st out of 10.
1. "Approximative solution of the spin free Hamiltonian involving only scalar potential for the q −q system" [7] -In order to solve the spin-free Hamiltonian with light quark masses we are led to develop a totally new kind of special function theory in mathematics that generalize all existing theories of confluent hypergeometric types. We call it the Grand Confluent Hypergeometric Function. our new solution produces previously unknown extra hidden quantum numbers relevant for description of supersymmetry and for generating new mass formulas. 
